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Consider two heterogenous populations of agents who, when matched, jointly produce an output, Y. For
example, teachers and classrooms of students together produce achievement, parents raise children, whose
life outcomes vary in adulthood, assembly plant managers and workers produce a certain number of cars
per month, and lieutenants and their platoons vary in unit effectiveness. Let W € W = {wy, ..., w;} and
X € X ={xy, ..., xx} denote agent types in the two populations. Consider the following matching mech-
anism: take a random draw from the W = w; subgroup of the first population and match her with an
independent random draw from the X = x; subgroup of the second population. Let B(w, x¢), the average
match function (AMF), denote the expected output associated with this match. We show that (i) the AMF is
identified when matching is conditionally exogenous, (ii) conditionally exogenous matching is compatible
with a pairwise stable aggregate matching equilibrium under specific informational assumptions, and (iii)
we calculate the AMF’s semiparametric efficiency bound.

KEY WORDS: Average match function; Causal inference; Choo—Siow model; Matching; Semiparamet-

ric efficiency.

There are two populations, say teachers and classrooms of
students. (We maintain this running example for much of what
follows for expository reasons, but our results are not restricted
to this case. See Boyd et al. (2013) for empirical context and
Graham (2011a) for other empirical examples and references.)
Let W e W = {w, ..., w,;} denote the observable type of a
teacher and U € U unobserved teacher attributes.' The dimen-
sion of U is unrestricted. The J support points of W may
encode, for example, different unique combinations of years
of teaching experience, levels of education, race, and gender;
U corresponds to unobserved dimensions of teacher quality.
Teachers are heterogenous. Let R denote a vector of observable
“proxies” for U; R may have both discrete and continuous
components. We clarify the properties of R further below. All
diversity in the population of teachers is captured by the triple
(W, R, U). We index a random draw from this population by the
subscript i, such that (W;, R;, U;) corresponds to the ith random

!In what follows random variables are denoted by capital Roman letters, specific
realizations by lower case Roman letters, and their support by blackboard bold
Roman letters. That is, Y, y, and Y, respectively, denote a generic random draw
of, a specific value of, and the support of, Y.

draw (teacher). A generic random draw is denoted by (W, R, U)
(i.e., subscripts omitted).

Let X € X = {x1, ..., xx} be the observable type of a class-
room and V € V unobserved classroom attributes. The dimen-
sion of V is unrestricted. The K types of classroom could enu-
merate different unique combinations of classroom size and/or
student gender/ethnicity mixes. Let S denote an observed vector
of proxies for V. We index a random draw from the population
of classrooms by the superscript /, such that (X", ", V') equals
measured and unmeasured characteristics of the Ath random
draw (classroom). The sub- and superscript notation emphasizes
the two-population aspect of our setup.

Teachers and classrooms of students are matched (i.e., paired
with one another) through some process. In this article, we only
consider one-to-one matching. Restrictions on this process will
be imposed in Section 3. Once paired they jointly produce the
output, Y € Y C R, say, student achievement.
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Associated with each teacher—classroom pair is a potential
or conjectural output (Holland 1986; Manski 2007; Imbens and
Rubin 2015). Let ¥} (7) denote the potential output when teacher
i matches with classroom #; in production function form,

Y, () =g(Wi. X", U, V"). (1

Now consider two teachers, i and 7/, both of type W; = W; = w.
A key feature of our setup is that there is no representation of
the potential outcome for classroom h in terms of its assigned
teacher’s type, w, alone. This follows because, in general,
U; # Uy and hence

Y(i) = g(w, X", U;, V) # g(w, X", Uy, V) = Yi(),

due to heterogeneity in unobserved teacher quality. Conse-
quently, we cannot write Y, (i) = ¥, (w). Although teachers i and
i’ may be of the same observed type, W; = W; = w, they would
typically differ in terms of their unobserved “quality,” U; # Uy.

Equation (1) is a production function with two heterogenous
inputs, W and X. This contrasts with the standard single agent
production function, where output across heterogenous firms
varies with the level of a homogenous input (e.g., Chamberlain
1984; Griliches and Mairesse 1996; Olley and Pakes 1996). If
we set U; = ii for all i, we recover this familiar single agent prob-
lem. Such a restriction would ensure that, conditional on their
type, teachers are a homogenous input. We could then write
a classroom’s conjectural output as a function of its assigned
teacher type alone:

V(i) = Yi(w) = 3(w, X", V") = g(w, X", @, V"). 2)

In (2) achievement (output) across heterogenous classrooms
(firms) is a function of the level of the homogenous input,
teacher type (capital), W; = w. In this article, we instead con-
sider the nonstandard case, where observed output is generated
according to (1). Loosely speaking, both the “firm” (classroom)
and the “input” (teacher) are heterogenous in our setup. This
raises new issues.’

Let & = m(i) equal the classroom assigned to teacher i under
the status quo (i.e., observed) matching (so that m~Y(h) =i).
For simplicity, we assume that (i) the populations of teachers
and classrooms are the same size and (ii) that all classrooms are
assigned a teacher in the status quo matching. Observed output
is therefore given by

Y, = gW;, X" U, v®), A3)

In what follows we write Y; =Y,;(@{), X;=X"?, and
V; = V"D to simplify the notation. Put differently, the i sub-
script will be used to index both teachers and teacher—classroom
matches (the latter in the status quo assignment only). Let

rg s

2If we consider classroom /’s “treatment” to be the assignment to a specific
teacher, then the fact that classroom /4 has a different potential outcome when
assigned teacher i vs. teacher ' is not a violation of SUTVA (see Imbens and
Rubin 2015). However, there is a violation of SUTVA if, instead, we consider
the fype of i as the treatment (e.g., assignment to an inexperienced vs. expe-
rienced teacher). This follows, as explained in the main text, because teachers
of the same observed type may vary in terms of unobserved, output-effecting,
attributes. Another violation of SUTVA implicit in our setup is that of no treat-
ment interference. Interference in our setting arises because if classroom 7% is
assigned to teacher i, then classroom /' cannot be assigned to teacher i; match-
ing is one-to-one and rivalrous. Graham (201 1a, Section 5) anticipated some of
the discussion which follows.
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{Zi}f’: , denote a random sample of size N, from the status quo
distribution of matches, of Z; = (X;, Wi, R}, S, Y})'.

The econometrician seeks to use this random sample to make
inferences about average output across different counterfac-
tual reallocations of teachers to classrooms. Specifically, we
consider the following thought experiment. A social planner
takes a random draw from the subpopulation of type W; = w
teachers. She then takes an independent random draw from
the subpopulation of type X" = x classrooms. The expected
outcome associated with pairing together these two draws is

ﬁ(w,x)défffgm,x, 1, 0) fow (ul w) fyix (0] %) dudo.

“)
We call (4) the average match function (AMF; see Graham
2011a). The AMF is a building block for conducting inference
on counterfactual reallocations. Observe that we make no pre-
sumption of independence between W and U or X and V. The
distribution of teacher ability, U, may vary systematically with
observed years of teacher experience, W. Because reallocations
leave the joint distributions of (W;, U;) and (X", V") unchanged,
Fyw and Fyx are the correct distributions to integrate over
in (4).

In contrast, dependence between U and V, given
(W = w, X = x), generates a wedge between observed average
output under the status quo matching, E[Y|W = w, X = x], and
the AMF, B(w, x), due to matching on unobservables. Say we
wish to learn about the average match output when experienced
teachers, W; = w, are assigned to classrooms with low prior
achievement, X" = x. If, in the status quo matching, among
experienced teachers, those with high ability, U;, are matched
to high ability, V", classrooms (among those with the low prior
achievement), then there will be dependence between U and
V given (W = w, X = x). Therefore, the observed average
outcome does not equal the causal match effect 8(w, x), but
an upwardly biased estimate of it. This bias is induced by the
(positive) correlation of U and V conditional on W and X. This
matching bias occurs if conditional exogeneity fails.

The AMF is defined with reference to a hypothetical match-
ing scheme which rules out such dependence by construction.
This is analogous to the conceptual role played by random
assignment in the program evaluation literature.

1. MAIN CONTRIBUTIONS

In this article, we present three results. First, we show that
B(w, x) is identified under a conditionally exogenous matching
assumption. Our assumption is a multi-agent generalization of
the “selection on observables” or “unconfoundedness” assump-
tion familiar from the program evaluation literature (e.g.,
Heckman, Smith, and Clements 1997; Imbens 2004). Second,
we show that, under certain assumptions about agents’ infor-
mation sets, our conditionally exogenous matching assumption
is consistent with pairwise stability in an aggregate transfer-
able utility (TU) matching market of the type introduced by
Choo and Siow (2006a,b) and recently extended by a number
of authors (e.g., Graham 2013; Dupuy and Galichon 2014;
Chiappori, Salanié, and Weiss 2015; Galichon and Salanié
2015). (See Dagsvik 2000; Galichon and Hsieh 2015; Menzel
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2015 for related contributions to nontransferable utility (NTU)
matching problems.) This result provides guidance to prac-
titioners interested in applying our results outside of quasi-
experimental settings. In particular, it suggests what types of
variables should be included in the proxy vectors R and S.
Third, we characterize the semiparametric efficiency bound
for B(w, x). The bound is complex, involving several integral
equations, but nevertheless provides insights useful for efficient
estimation.

In more specific forms than (4), the average match func-
tion (AMF) was introduced by Graham, Imbens and Ridder
(2007, 2014) and Graham (2011a). The first two articles con-
sider estimation of the AMF under various forms of random
assignment/matching and more restrictive unobserved het-
erogeneity structures than allowed for here. The last of these
articles does consider covariate adjustment and also provides
a preliminary identification result (Graham 201 1a, Proposition
3.2). This result relies on a “conditional inclusive definition
of types” assumption (p. 980). Under doubly randomized
assignments—as defined below—the AMF of Graham (2011a)
and the one presented here coincide. Under conditional double
randomization, the two identification results diverge. Evidently
Assumption 3.2 of Graham (2011a) is consequential; we fully
dispense with it here. The key technical tool for doing so is
Lemma 1. These differences/improvements reflect our own
improved understanding of matching models over time.?

This article is also related to Graham, Imbens, and Ridder
(2014), which presented explicit estimators for various real-
location effects. In that article (i) teacher and classroom types
were assumed continuously valued, (ii) methods for covariate
adjustment were not presented (limiting the included formal
results to experimental settings), and (iii) the heterogenous
two-agent aspect of the problem was not explicitly developed.
Finally, no analysis of semiparametric efficiency was under-
taken. Our results are also related to the very large literature on
efficient covariate adjustment in program evaluation problems
(see Imbens and Wooldridge 2009 for a recent review). While
covariate adjustment is a well-studied problem in single agent
models, going back at least to the work of Yule (1897) on the
causes of pauperism in late 19th century England, we are aware
of no prior research on covariate adjustment for multi-agent
models beyond that discussed above.

2. NOTATION

In what follows, random variables are denoted by capi-
tal Roman letters, specific realizations by lower case Roman

3The “inclusive definition of type” assumption imposes independence of, in the
current notation, W; and U; and also of X" and V. This assumption, which also
features in Graham, Imbens, and Ridder (2010), is not imposed here. This dif-
ference is consequential when controlling for additional covariates. This can
be seen by comparing the form of the identification result in Graham (201 1a,
Proposition 3.2) with the one outlined below. Here, identification involves aver-
aging over the product of two conditional distributions, not two marginals as in
Graham (2011a). Analog estimators based on the two results will numerically
differ. Graham (201 1a) did not derive a semiparametric efficiency bound for his
estimand, but it too will differ from the one outlined here. We prefer the set of
assumptions maintained here (which are weaker).

letters, and their support by blackboard bold Roman letters. That
is, Y, y, and Y, respectively, denote a generic random draw of,
a specific value of, and the support of, Y. The joint density of
X and Y is denoted by fx y(x, y) or f(x, y). The latter represen-
tation is only used when doing so causes no ambiguity. Similar
conventions are followed for conditional densities.

3. IDENTIFICATION

We assume that the econometrician is able to collect arandom
sample of output measurements and agent observables from a
status quo population of matches.

Assumption 1 (Random Sampling). Let Z; = (X;, W, R;,
S;, Y;); {Z:}Y., is a random sequence drawn from the status quo
population of matches with distribution function F'.

Our key identifying assumption restricts the structure of the
status quo matching.

Assumption 2 (Conditionally Exogenous Matching).
X, v,S) LUIW=w,R=1r, W, U,R) LV|X=x,S=s
for all (w, r) € W x R and all (x,s) € X x S.

Assumption 2 implies that, conditional on teacher observed
attributes (W, R), her unobserved quality, U, has no predic-
tive power for classroom characteristics. Likewise, conditional
on observed classroom attributes (X, §), unobserved classroom
attributes, V, have no predictive power for teacher characteris-
tics. In Section 4, we show that Assumption 2 is consistent with a
Choo-Siow aggregate matching market equilibrium under spe-
cific assumptions about agents’ prematch information sets.

To better understand Assumption 2, we first prove the follow-
ing factorization lemma. This lemma features in the proof of our
main identification result, Proposition 1.

Lemma 1 (Factorization). Under Assumption 2
fuvwxrs (u,vlw,x,r,5) = fuwr (ulw, r) fyvixs(v|x,s).

Proof. The first part of Assumption 2 gives the joint density
factorization

Swxrsuvy (W, x, 15, u,0)
= fxvswr (x,0,51w,7) fuwr (ulw,r) fwr (w0, 1),
while the second part gives
Swxrsvy (W, x, 1,5, u,0)
= fwurxs (w,u,rlx,s) fvixs (v]x,s) fxs (x,5).

Conditioning on all observables therefore gives the pair of
equalities

Sfuvwxrs (u,v|w,x,r,s)
= fvwx.rs (v|lw,x,r,s) fuwr (| w, r)
= fV|X,S (v]x,s) fUlW,X,R,S (ulw, x,r,5).
Integrating over u then gives

fviwxrs(vlw,x,r,s)= fyxs(vlx,s), @)
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which after substitution gives

Sovwxrs(u,vlw,x,r,8) = fuwr (ulw, r) fyixs(v]x,s)
as claimed. O

Equation (5), in the proof to Lemma 1, highlights a key
implication of Assumption 2: conditional on a classroom’s
observed attributes, X and S, the observed attributes of their
assigned teacher, W and R, do not predict unobserved class-
room attributes, V. Conversely, conditional on W and R, class-
room characteristics, X and S, do not predict unobserved teacher
attributes, U. Assumption 2 implies that within W = w,R =r
by X = x, S = s cells, there is no matching on unobservables
between teachers and classrooms. (Graham 201 1a, equation (8))
instead studies assignments where fy viw x g s(u, v|lw, x, 1, 5) =
Sfuir(ulr) fvis(vls), which is stronger than maintained here.)

Note that

fU,V\W,X (u,v|w, x) = / fU‘W,R (u| w, r)fwx.s (0] x, 5)
X frswx (1, 8| w, x)drds

# fuw (ulw) fvix (v[x), (6)

so that Assumption 2 does allow for matching on unobserv-
ables within the coarser W = w by X = x cells. However within
W =w,R =rbyX = x, S = scells matching is “as if” random.
We call this conditionally exogenous matching.

Assumption 2 may hold for two reasons. First, it can hold
by design. In that case, the researcher chooses a feasible joint
distribution for (W, X,R,S), but forms a (W,R) = (w, r)
to (X, S) = (x,s) match by taking a random draw from the
subpopulation of teachers homogenous in (W,R) = (w, r)
and matching her with an independent random draw from the
subpopulation of classrooms homogenous in (X, S) = (x, s).
This is a doubly randomized assignment scheme (see Graham
2008, 2011a). Note, as indicated by (6), this scheme does allow
for sorting on unobservables within W = w by X = x cells. As
shown below, the presence of the proxies R and S allows the
researcher to “undo” this sorting to recover the AMF.

Second, Assumption 2 is also an equilibrium property of
a Choo and Siow (2006a,b) type aggregate matching market
(under certain restrictions on agents’ information sets). We
develop this result in Section 4.

Identification of B(w, x) also requires a support condition.

Assumption 3 (Support).
) If fox (s1x) frw (rlw) > 0, then fr siw x (7, slw, x) > 0,
(i) 7Ty = Pr(W = w, X = x) > 0.

Note that, under part (ii) of Assumption 3, the reverse of the
implication stated in part (i) holds as well. Assumption 3 there-
fore requires that the support of fz gw x (7, slw, x) equals the
product of the supports of fryw (r|w) and fsx (s|x). Observe that
the set

Sheasitle(u, x) = {r, s 1 frw (rlw) foyx (slx) > 0}

equals the feasible joint support of R and S across the set of
W = w to X = x matches. This set contains all logically pos-
sible combinations of R = r and S = s that might be observed
ina W = w to X = x match. Identification requires that the

Journal of Business & Economic Statistics, April 2020
actual support
P 1 .
S (w, ) = {rs = frswx(r; slw, x) > 0)

and the feasible one overlap.

It is useful to connect this assumption to the familiar overlap
condition found in the program evaluation literature. Doing so
also allows us to introduce some notation that will be used in
the efficiency bound calculation presented in Section 5. Under
Assumption 3, Bayes’ law gives

frw (rlw) = %ﬁe(ﬂv Fsix (s]x) = IM
Srswx (r,slw,x) = Pux (r’srifk.,s (r, S)’

where we define the conditional probabilities

Po(@)=Pr(W=w|R=r)
Px(s) =Pr(X =x|§=s)
Pux(,s) =Pr(W=w,X=x|R=rS=y),
and also the unconditional probabilities p,, = Pr(W = w),
A =Pr(X =x), and 7, =Pr(W = w, X =x). (In certain
instances, we will also use the notation p;(r) =Pr(W =
wj|R =71), pi(s) =Pr(X = x;|S = 5), and pj(r,s) =Pr(W =
wi,X=xR=rS=s)forj=1,...,Jandk=1,...,K)
Under Assumption 3, we have
S%;Sible (w,x) — {l’, 5 -

S5 (0,2 = {15

Pw (1) px (s) > 0},
Pux (1, 5) > 0} @)

The equalities in (7) suggest the following reformulation of
Assumption 3:

Assumption 4 (Strong Overlap). p,.(r,s) >« > 0 for all
(r, s) such that p,, (r)p.(s) > 0.

As suggested by its label, Assumption 4, is related to the over-
lap assumption made in the program evaluation literature (e.g.,
Hahn 1998; Imbens 2004). It ensures that all logically possible
combinations of R and S that could be observed ina W = w to
X = x match are in fact observed in the set of status quo w-to-x
matches. It would be useful to develop tests, heuristic or formal,
for assessing Assumption 4 in practice.

Consider the mean regression of Y given W, X, R, S

E[Y|W=w,X=x,R=r.S=s]9 gw,x,rs). (8

Note that g(w, x, r,s) is a structural object under (1) and
Assumptions 1, 2, and 3. Specifically, the difference

q(w.x',rs)—qw,xrs),

gives the expected change in output when a teacher with char-
acteristics (W, R) = (w, r) is assigned to a classroom with char-
acteristics (X, S) = (x, s) instead of one with characteristics
X,8=W,s).
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Our main identification result is

Proposition 1. (Identification) Under (1) and Assumptions
1,2, and 3
1

ﬂ (w’X) - pwkx

//61 (w, x, 1, 8) pw (r) px (5) fr (r) f5 (s) drds
9
= /fq(w,x, r,s) frw (rlw) fsx (s|x)drds. (10)

Proof. First, observe that under Assumption 2, we have,
invoking Lemma 1,

q(w,x,r,s)

2//5’(10,)6, u,v) fuviwx.rs (4, vl w, x, r,s)dudo
v u

=//g(w,x, u,v) fuw.r (ulw, r) fvix.s (vl x, s)dudo.

Second, from Bayes’ rule fzw (rlw) = M and fsx (s|x) =
”‘(zﬂ This and the second equality above yields

1
Puw )"x

//f] (w,x, 1,8) pu (r) px (5) fr (r) fs (s)drds

://CI(U),L 7, 8) frw (rlw) fsx (s|x)drds

:‘//[//g(w,x,u,v)fww‘le(ulw,r)fv|x,5(0|x,s)dudv]

X friw (rlw) fsx (s|x)drds

=////g(w,x, u,v) furw (u, rlw) fvsx (v, s| x) dudrdods

://g(w’xy”aU)fUIW(”lw)fV\X(U‘x)dudU
= f(w,x).

Note that for (9) and (10) to be well-defined, we require
Assumption 3. Since all the components to the right of the equal-
ities in (9) and (10) are asymptotically revealed under random
sampling (Assumption 1), the result follows. (]

We discuss some implications of Proposition 1 for estimation
after presenting its semiparametric efficiency bound in Section
5. A key implication of Proposition 1, useful for both estimation
and efficiency bound analysis, is the moment restriction

[ L fR)f(S) puwR)p:e(S)
Pwry fRS)  pux(R,S)

for T,,, = 1 when a random draw from the status quo distribu-
tion of matches is of type W; = w and X; = x and zero otherwise.

T,Y — ﬂ (w, x)i| =0,

4. PAIRWISE STABILITY AND EXOGENEITY

In this section, we relate our exogenous matching condition
(Assumption 2) to the notion of pairwise stability in transferable
utility (TU) one-to-one matching problems (e.g., Shapley and
Shubik 1971; Becker 1973). Our point of departure is the aggre-
gate matching setup introduced by Choo and Siow (2006a,b).

In this framework, the econometrician observes the match fre-
quencies 7j = Pr(W; = w;, X" = x;) for j=1,...,J and
k=1,...,K and, from this joint distribution of match types
and equilibrium restrictions, seeks to recover (features of) the
distribution of unobserved agent preferences. Match surplus and
transfers are unobserved.

We add to this setup the observable match output ¥;. Match
output will generally covary with the match surplus agents’
actually care about, but it need not be coincident with it. For
example, the surplus associated with a specific marriage may
vary with (expected) child outcomes, but would generally not be
coincident with them. Our question is: under what restrictions
on agents’ preferences and information sets will the observed
matching be both (i) pairwise stable and (ii) satisfy Assump-
tion 2? Our conclusion is that Assumption 2 can hold in set-
tings where agents purposively choose match partners. More
constructively, our analysis provides guidance as to what types
of measures to include in the proxy variable vectors R; and S".
Proposition 2 formalizes and generalizes the stylized analysis
for the K = J = 2 special case sketched in Graham, Imbens,
and Ridder (2014, sec. 3).

For what follows, maintaining the assumption of one-to-one
matching, it is pedagogically convenient to think of the first pop-
ulation as consisting of firms (teachers) and the second of work-
ers (classrooms). The match output associated with the pairing
of firm i and worker % is now restricted to equal

gWi, X", U, Vi = BW, XM + UX") + VW), (1)

where pB(w,x) is an unrestricted function, U;(x)=
Yo la=x)Uy and Vh(w)=Y7_ 1w = w)V" with
Vi =l ...V} and U; = (Uy,...,Ux). We normalize
U;(x) to be conditionally mean zero (i.e., E[U;(x)|W;] = O for all
x € X) and impose the analogous restriction on V"(w). These
normalizations imply that the average match function (AMF)
equals B(w,x). Note that average output across observed
W = w to X = x matches may not equal the AMF. Matching
bias is possible.

Equation (11) is restrictive, ruling out interactive effects in
the unobservable productivity vectors U; = (Uy;, . .., Uk;)" and
Vi = (v ..., V! . This type of separability restriction plays
an essential role in the empirical structural matching literature
(see Assumption 2 of Galichon and Salanié 2015). To better
understand the content of (11), consider two firms, ¢ and ¢/, of
the same type, say w, and two workers, & and /', also of the same
type, say x. Under (11) the aggregate output associated with the
i-to-h and i’-to-h’ matching equals

28 (w, %) + U; (x) + V" (0) + Uy (x) + V¥ (w),

which exactly coincides with that of the alternative i-to-h’
and 7'-to-h matching. Any rearrangement of matches within a
W =w and X =x cell leaves aggregate output unchanged
(although individual match output may, of course, change).

We now turn to firm and worker preferences. The surplus firm
i gets from matching with worker /4 equals

;X" = BW;, X"y — 1 (Wi, X™) + Ui(X") + &:(x™),

where 7(w}, x;) equals the equilibrium transfer a type W; = w;
firm “pays” a type X = x; worker (transfers may be negative),
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and &;(x) = Zf: 1 1(x = x¢)&y; is an additional source of unob-
served firm-specific heterogeneity. We introduce this term to
allow for a divergence between the net match output of interest
to the econometrician, and the net match surplus agents actu-
ally care about. When these two objects coincide &;(x) will equal
zero for all x € X. (The development in this section employs a
variant of the notation used in Graham (2013), we gloss over
several interesting subtleties of the CS framework, referring the
reader to, for example, Galichon and Salani¢ (2015) for a rigor-
ous and comprehensive exposition.)
The surplus worker & gets from matching with firm i equals

ENW) = t (W, X") + V(W) + 0" (W),

with 9" (w) = Z§=1 1(w = wj)ﬁ;? introduced for the same rea-
son as &;(x).

We impose the following informational structure: prior
to matching firms and workers observe their own and can-
didate partners’ types, know the form of S(w,x), and also
observe transfers. While agents also observe the vectors
&= (&, ..., ) and 0" = (f}lh, e, ﬁ;’)’, they do not observe
U= Ui, ...,Ug;) and V" = (V}', ..., V}')Y. This means that
the ex post utility (and output) associated with any given match
is imperfectly known to agents ex ante. While U; and V" are
unobserved, agents have at their disposal the signals R; and S".
We assume that these signals satisfy:

Assumption 5 (Signals). (i) Prior to matching firms and work-
ers observe (W, X", R;, S", &, o), (ii)

vVt 1 (W, R, &) X", s", o (12)
Ui L (x", 8" ") | Wi, R, &, (13)
and (iii)
Ui L &l W, R (14)
Vi ot x", st (15)

Part (i) of Assumption 5 defines what is observed by agents
i and h when they match (but prior to realizing match out-
put). Parts (ii) and (iii) restrict the relationship between what is
known and unknown by agents at the time of matching. Consider
conditions (12) and (14), which restrict the predictability of
worker and firm productivity, respectively, V" = (V/, ..., VJ”)
and U; = (Ujy, ..., Uix)'. We omit a discussion of conditions
(13) and (15), as they are analogous to (12) and (14).

Condition (12) implies that firm i’s own attributes—W;, R;,
&—have no predictive power for worker /s unobserved produc-
tivity, V" conditional on her attributes—X", $", o". In words,
conditional on what the two agents know about the worker, what
is additionally known about the firm cannot be used to predict
worker productivity. This appears to be a natural assumption
in our context. Note that (12) alone does not impose restric-
tions on the joint distribution of (W, X, R, S, &, ©). This implies,
for example, that agents could assortatively match on & and ¥;
withina W = w;, R = r by X = x;, S = s match cell if they so
wanted. Recall, further, that & and ¥; are unobserved by the
econometrician.

Some further reification/simplification may be helpful. Let
X" € {0, 1} denote whether a worker is “skilled” and W; € {0, 1}
whether a firm is “high tech.” We can think of &; as a vector of
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firm-specific cost (or taste) shocks. If £;(0) is low, then it is espe-
cially costly for firm i to hire a low skilled, X" = 0, worker. The
firm knows this, and also &;(1), prior to choosing the type of
worker they hire. In contrast, think of U; as a vector of idiosyn-
cratic firm-specific productivity shocks. If U;(1) is high, then
firm i will produce more output when they hire a skilled, X = 1,
worker. However, the productivity shocks U;(0) and U;(1) are
only imperfectly observed, and hence acted upon, by the firm
at the time of hiring. The firm uses the productivity signal R; to
forecast U; = (U;(0), U;(1)). A second key difference between
& and U; is that while the realization of the latter is directly
reflected in observed match output, the influence of the former
on output is only indirect—via the choice of the type of worker
hired.

In this example, condition (14) implies that firm-specific cost
and productivity shocks are independent conditional on own
type and the vector of productivity signals, R;. Among, say, high
tech, W; = 1, firms with identical signals, R;, variation in the
firm-specific costs (or tastes) of hiring the two types of works is
independent of the corresponding firm-specific benefits.

Condition (14) is restrictive. It implies that W and R contain
all variables that simultaneously predict U and & or, equiva-
lently, all variables that predict match surplus, and hence choice,
and also affect match output. This condition is analogous to the
“selection on observables” assumption familiar from the pro-
gram evaluation literature. In that context, treatment exogeneity
requires that the set of pretreatment conditioning variables used
by the econometrician include all joint predictors of the treat-
ment and outcome. The appropriateness of condition (14) is
context specific. It will be violated, for example, if there exists a
component of &, which is part of the firm’s information set that
covaries with productivity, U, conditional of those parts of the
information sets that are observed by the econometrician (i.e.,
W and R). If R plausibly approximates those components of a
firm’s prematch information set that are also likely to predict
productivity, U, then invoking Assumption 5 is reasonable.

Under Assumption 5 we prove the following Lemma.

Lemma 2 (Factorization with Signals). Under Assumption 5

fuviwxrseo (U, vlw,x, 1,5, 0)

= fuwr (ulw, r) fywr (v]x,5). (16)

Proof. See the Appendix. The argument is similar to that used
to show Lemma 1. O

Agents  directly act on their knowledge of
(W;, X" R;, S", &, 0") when matching, inducing a specific
equilibrium match density fwxrszs(w,x, r,s, & 0) in the
process. Observe that Assumption 5 alone does not restrict
this match density (beyond the requirements of feasibility).
As noted above, sorting on & and 0, for example, is allowed.
However Lemma 2 shows that an implication of Assumption
5 is that any such sorting does not induce sorting on U and V
conditional on W, X, R, S, &, and 0.

Using Lemma 2, we compute firm i’s expected utility from
matching with worker 4 as

E[1L (X")| W, X", R;, S, &, 0"]

=B (W, X") — v (W, X") + & (X"), (17)
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where &;(X") is the firm’s forecast of U;(X") + &(X")
K
& (X") =) 1(X" =x) E[UulW,, R+ &(X").  (18)
k=1

Note that the utility firm i expects to receive when matching with
worker h depends on worker 4’s type alone. Although the firm
also observes the worker attributes S and ©", its expected utility
is invariant to them. This result is an implication of the separable
form of the CS utility function, something we inherit from the
structural matching literature, as well as our assumption about
agent information sets.

Similarly, we compute worker h’s expected utility from
matching with firm i as

E[E"(W)|W;, X", R, S", &, 0"] = (W, X") + 0" (W), (19)

with the corresponding forecast of V* (W;) 4+ o (W;) for worker
h equal to

J
o' (W) = 1 (W= w;) E[V/| X", $"] + 0" W). (20)
j=1

Worker A’s expected utility from matching with firm i depends
on firm i’s type alone. Although the worker also observes the
firm attributes R; and &;, her expected utility is invariant to them.
Under (17) and (19) firm and worker partner choice, respec-
tively, satisfies
nﬁ( =Pr <k =arg max [,3 (wj,x) -1 (wj,x) + E(x)])
(2D
and
nsk, =Pr|j=arg
J wefwy,...,
which coincide with the choice rules of the generalized CS
model. The transfers, 7(w, x), adjust so as to ensure that nﬁ( =

nfk for all j, k in equilibrium. This ensures that the “demand”

for type X" = x workers by type W; = w firms coincides with
the “supply” of type X" = x workers to type W; = w firms (e.g.,
Graham 2013). Galichon and Salanié (2015, Theorems 1 and
2) showed that equilibrium exists and is unique as long as &;(x)
for all x € X and 0" (w) for all w € W have sufficiently large
support (which we assume here).

The CS equilibrium induces a particular type of sorting. Con-
sider the subpopulation of type W; = w firms. Among these
firms the subset that matches with type X" = x workers will
differ from the subset that matches with type X" = x’ work-
ers. Specifically, from the choice rule (21), the distribution of
&(x) and £(x") will differ between the two groups. Because R;
covaries with &§—see (18) above—the distribution of R; may
differ across the two groups as well. Finally, because R; covaries
with U;, the distribution of U; may differ across the two groups.
Consequently average output across W = w to X = x matches
will not generally coincide with the AMF. This is because the
distribution of firm productivity in this cell may differ from that
across the entire subpopulation of W = w firms in a CS equilib-
rium. A similar reasoning can be used to describe how, among
workers of the same type, the distribution of worker ability will
vary with the chosen type of the matched firm.

Under Assumption 5, the availability of R and S is suffi-
cient to “undo” any biases caused by CS matching. Together
(11) and Lemma 2 imply (multiplying both sides of (16) by
Sfe.owx.rs(€, Dlw, x, , ) and integrating over & and O gives

fuvwxrs(u,olw,x,r.8) = fuwr (ulw,r) fyvwr (v]x,s))
that the proxy variable regression function (8) equals
q(wj, xp, 1, 8) = B(wj, xx) + E[U| W = w,R =]

+E[V;|IX =x,§ =5] (23)

for all combinations of j=1,...,Jand k=1,..., K. Plug-
ging (23) into the right-hand side of (9) or (10) and evaluating
then gives

//Q(w,-, X 1, 8) f(rlw) f(slxe)drds = B(w;, xi).

Lemma 2 and (23) thus give.

Proposition 2 (CS Equilibrium and Exogeneity). When
match surplus and output takes the form described above,
and agents’ prematch information sets satisfy Assumption 5,
agents will (i) match according to (21) and (22), (ii) transfers
adjust to clear the market, and (iii) the equilibrium matching
will satisfy the conditionally exogenous matching condition
(Assumption 2).

For an empirical researcher contemplating invoking Assump-
tion 2 in a setting where agents choose match partners in a
decentralized way (with transferable utility), assessing the plau-
sibility of Assumption 5 is key. This condition is analogous to
conditions for input exogeneity in single-agent models (e.g.,
Chamberlain 1984; Olley and Pakes 1996). (In Chamberlain’s
(1984) example, the farmer knows land quality (unobserved
by the econometrician) when choosing her input level, but is
unable to forecast weather. Weather influences farm output, but
only after input choices are made.) Consider the teacher-to-
classroom matching problem introduced in the introduction. In
that example R; should include attributes that correlate with
teacher productivity, U;. Likewise S should include student
characteristics that are associated with high levels of achieve-
ment, V". Tt may be that there are additional (unobserved)
teacher and student attributes that influence the matching pro-
cess, for example, some teachers may especially prefer to work
close to where they live. In that case, condition (14) would
require that conditional on R;, a teacher’s commuting tastes do
not help to predict her unobserved productivity.

To be clear our conclusion is not that Assumption 2 is suitable
for routine use in all observational settings, rather it is that it (i)
can be appropriate in certain well-defined settings and (ii) it is
possible to reason about such settings in a ways familiar from
the single agent observational context (e.g., Heckman, Smith,
and Clements 1997; Imbens 2004). As in the single agent con-
text, articulating the relationship between the agents’ and the
econometrician’s information sets is central.

Research designs based on conditional exogeneity assump-
tions (i.e., “selection on observables,” “unconfoundedness,’
etc.) have proved to be a very durable, albeit controversial, part
of the researcher’s toolkit (e.g., Chamberlain 1984; Olley and
Pakes 1996; Griliches and Mairesse 1998). Our view, shaped by
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the observation that Assumption 2 is compatible with the lead-
ing empirical model of one-to-one matching under certain infor-
mational assumptions, is that covariate adjustment can play a
similar role in multi-agent production problems.

5. SEMIPARAMETRIC EFFICIENCY BOUND

Our final result, Theorem 1, characterizes the semiparamet-
ric efficiency bound for B(w, x) under (1) and Assumptions
1, 2, and 3. As in Graham (2011b), a multinomial approx-
imation (not reported) was used to conjecture the form of
the bound, with the formal result following from a pathwise
derivative calculation, as in Newey (1990). We have also ver-
ified our derivation of the efficient influence function using
the method of Newey (1994b) and the moment condition
£l SRESOTLY —pwol=0

Let D,(W)=D, =1 if W = w and zero otherwise. Let
E.(X) = E, = 1 if X = x and zero otherwise. Let T,,,(W, X) =
Tyox=1if W =w and X = x and zero otherwise. Let B,,, =
B(w, x) and define the candidate efficient influence function

$0 (Z, Bux, h(2)) = Yo (Z, Bux, 1 (2)) + Yr (Z, Bux, h(2))
+Vs (Z, Bux, h(2)) (24)

where
h(Z)=(f(R,S), f(RIW), f(SIX), po,s *x,
Pux (R, S), q(w,x,R,S), es (w,x,R), e (w, x,5))

and
SRIW) f(SIX)  Tx
Z, Bux, h(Z2)) =
Vo (2 Puw 1 (2)) FRS)  pux(RS)
XY —q(w,x,R,S))
Dll)
Il/R (Z, ,Bmx, h (Z)) = ,0_ (6‘5 (w, X, R) - ﬂmx)
E,
Ys (Z, Bux, h(Z)) = = (er (w,x,8) — Bux)
with

es(w,x,r) = /q(w,x, r,s) f(s|x)ds

eR(w,x,S)=/q(w,x, r,s) f(rlw)dr.
Define the candidate variance bound

F(RIW = w)f(SIX =x)}2 o2, (R,S)
f(R,S) Pux (R, S)

Zo(Bur) ' =E [{

+ LE [(es (w,x,R) — ﬁwx)2’ W= w]

w

—+ )\'LE [(eR (U),X, S) - ﬂwx)2| X = )C]

X

+2;wa El(es(w, x, R)—Buwx)(er(w, x, S)—Bux)|
W=w,X =x] (25)

with
o2 (ns)=VY|W=w,X=x,R=r,S=5).

wx
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Theorem 1. The semiparametric efficiency bound for B,
in the problem defined by (1) and Assumptions 1, 2, and
3 is equal to Zy(B,,) with an efficient influence function of

G0(Z, Bux, W(2)).
Proof. See the Appendix. (]

Both the efficient influence function and the variance bound
have straightforward interpretations. Consider first the influence
function. Its first term, ¥o(Z, Byy, H(Z)), reflects the asymp-
totic penalty associated with not knowing conditional distri-
bution of Y given (W, X, R, S). The second and third terms,
Yr(Z, Buwx, H(Z)) and Y¥s(Z, By, h(Z)), reflect the contributions
of uncertainty about, respectively, the conditional distributions
of R given W and S given X. The interpretation of To(Buwx) ' is
analogous, with its last term arising from covariance between
WR(Z’ :wav h(Z)) and wS(Zv :wav h(Z))

One implication of Theorem 1 likely to be of direct interest
to empirical researchers is its implications for the relationship
between the quality of overlap and feasible precision. Under
conditional homoscedasticity, the firm term in Zy( Bux) s pro-
portional to

. {f(R|W=w)f(S|X=x)}2 I
f(R’S) pwx(RaS) '

which will be large when the conditional probability of a
W; = w to X" = x match is very low for enough combinations of
R; = rand " = s appearing in S§&"°(w, x). Developing sim-
ple diagnostics for assessing our support condition (Assumption
4), similar to those available in the program evaluation setting,
would be useful.

Although we do not formally present an AMF estimator that
attains the bound of Theorem 1, in the next section we discuss
some procedures which are likely to do so under appropriate
regularity conditions. An analog estimate of the efficient influ-
ence function given in Equation (24) could be used to construct
a consistent variance estimate for these AMF estimators.

6. FURTHER RESEARCH DIRECTIONS

In this article, we have characterized a method of covariate
adjustment appropriate for two-agent models. (The extension
to settings with more than two agents appears to be straight-
forward. Graham, Imbens, and Ridder (2010) provided one
motivating example for such an extension.) When matching
is conditionally exogenous our approach to covariate adjust-
ment recovers a well-defined causal object: the average match
Sfunction (AMF). Although, as in other areas of applied social
science research, the econometrician may be interested in “con-
trolling for” observed covariate differences even if Assumption
2 does not hold (exactly) (see Keiding and Clayton 2014).
Our efficiency bound calculation characterizes the maximum
asymptotic precision possible when undertaking such covariate
adjustment. The bound is valid for the estimand defined by the
right-hand side of (10) irrespective of whether it also coincides
with the AMF.

Recovering structural objects via covariate adjustment can be
controversial in some settings (see Freedman 1997). Proposition
2 relates our conditionally exogenous matching assumption to
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the structural TU matching model of Choo and Siow (2006a,b).
This model has been an object of intense study, development,
and application in recent years (see Chiappori and Salanié 2016
for a survey). Proposition 2 shows that a status quo matching
can both satisfy our key identifying assumption (Assumption 2)
and be consistent with a TU matching equilibrium. This result
requires maintaining certain assumptions about agents’ infor-
mation sets (Assumption 5) and provides guidance regarding
which types of measures should be included in the teacher and
classroom proxy variables, respectively, R and S.

We have not presented an estimator for the AMEF, instead
we leave this exercise to future research. However, the struc-
ture of the efficient influence function in Theorem 1 suggest
several possibilities. Perhaps the most obvious is the following
“double average” estimator

Boa (w, x)
N2V Y T W= w) 1 (X,
N2 Zf\/:l Z?]:l I(Wi=w)l (Xj =

= x) q (w, x, R;, Sj)
x) ’

(26)

where g(w, x, R;, §;) is a preliminary nonparametric estimate.
This estimator is similar to the partial mean estimator intro-
duced by Newey (1994a), but instead requires “integration”
with respect to a product of two marginal distributions (as
opposed to integrating with respect to a single joint distribu-
tion). This feature is reflected in the V-Statistic structure of
(26). Statistically, (26) corresponds to the random matching
estimator introduced in Graham, Imbens, and Ridder (2014)
for the special case where W; = w for all 7 and X; = x for all
j (i.e., when there is only one type of teacher and only one
type of classroom). (Graham, Imbens, and Ridder (2014) esti-
mated §(w, x, r, s) by a particular kernel regression estimator
designed to deal with boundary bias.) In that case the efficient
influence function given in Theorem 1 also corresponds to the
influence function derived (by brute force) in Graham, Imbens,
and Ridder (2014). This suggests that an efficient estimator
for the AMF could be constructed by adapting the regularity
conditions and specific estimation procedures presented there
(likewise it implies semiparametric efficiency of the random
matching estimator). Empirical researchers might consider
using a flexible parametric estimate of §(w, x, r, ) in practice.

The form of the efficient influence function also suggests an
inverse probability weighting type (IPW) estimator. In particu-
lar, under (1) and Assumptions 1, 2, and 4, we have

L fR) ) puwR)p:(S)
Pwrc f(R,S)  pux(R,S)

This suggests an estimator, akin the one studied by Hirano,
Imbens, and Ridder (2003) for the single agent case, of

MW@=E[ mg]

L me#@mumm@>
i—1 f(R,‘,Si) ﬁwx (Ri’ Sl)

/31PW (U) X) on,iYi-

(27)
It would also be of interest to construct locally efficient, doubly
robust, estimators, as has been done in the program evaluation
context (see Graham, Pinto, and Egel 2012, Graham, Pinto, and
Egel 2016, and the references cited therein).

The AMF provides information on how match output varies
across different types of agent pairings. We close our article by
briefly outlining how to integrate the AMF into an explicit social
planning problem. We assume the social planner knows 8 (w, x)
for all (w, x) € W x X (perhaps up to sampling uncertainty).
She also knows the marginal distributions of teacher and class-
room types, respectively, p = (pi, ..., p;) for p; = Pr(W; =
wj)and A = (A1, ..., Ag) for iy = Pr(X" = x;) (again perhaps
up to sampling uncertainty). She does not observe (R;, U/)" or
(8", V"Y or is unable/unwilling to act on this knowledge if she
does. Put differently, the planner is constrained to consider only
doubly randomized reallocations (Graham 2008, 2011a).

Recall that mj = Pr(W = w;, X =x) for j=1,...J and

k=1,...,K. The planner’s problem is to choose a 7 =
11y ooy UKy oo o s g1, - - -, k) that maximizes expected
output
J K
0 ()= ZZ B (w;, %) 7 (28)
j=1 k=1
subject to the J + K feasibility constraints:
K
oap=pp j=1.....7 (29)
k=1

J
Z]Tjk:)»k, kZl,...,K
j=1

See Graham, Imbens, and Ridder (2007).

Since ZL, Sk 7 =1, one constraint is redundant.
Table 1 depicts the structure of a feasible assignment. By substi-
tuting out the feasibility constraints, an assignment can be rep-
resented in terms of (J/ — 1)(K — 1) probabilities.

Graham (2011a) showed that the difference between two dou-
bly randomized allocations, 7’ and 7 is given by

6 (7')

(B (wy. xk) =B (wy, x) — [B (w). xx) —B (wj. x4)]) - (30)

Equation (30) indicates that the average outcome properties of
an allocation depend critically on the complementarity proper-
ties of the average match function (AMF). Of particular interest
is the difference between a candidate assignment 7 and the com-

~

-1

>

-1

(”}k - ”jk)
1

—6(n) =

~.
Il
~
Il

pletely random matchmg nrdm =pjrgforall j=1,...,Jand
k=1,
J—1 K—1
0 (T[,) rdm Z Z P])\k
j=1 k=1
(B (wy, x) =B (wy, x1) — [B (wy, xx) =B (wj, x)]) . B

Equation (31) suggests that outcome-maximizing assign-
ments will tend to be assortative (n}k > pjAx) in regions
of complementarity (B(wy,xgx) — B(wy, xx) — [B(w;, xk) —
B(wj, xx)] > 0) and anti-assortative (nj/.k < pjAk) in regions
of  substitutability  (B(wy, xx) — B(wy, x) — [B(w;, xg) —
B(wj, x¢)] < 0).

The semiparametric efficiency bound for 6(r), for a given
fixed assignment, m, should follow relatively easily from
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Table 1. The structure of feasible assignments

Teachers/Classrooms X1 XK1 Xg Jw(w)
K—1

W T TTiK-1 P1— Zkzl Tk L1
K—1

wj—1 TTj-11 TTj-1K—1 Pr—1 — Zk:1 TTj—1k Pr-1

J—1 J-1 J-1 K—1 J—1 —K-1

wy D Ag—1 = D50 k-1 (D DY T BV D DD P p1

fx(x) Al Ak-1 Ak

NOTES: The j=1,..., J types of teachers are enumerated in the first column, with the marginal frequency of each type given in the last column. The k =1, ..., K types of classrooms

are enumerated in the first row, with the marginal frequency of each type given in the last row. The joint distribution of teachers and classrooms is characterized by the interior probabilities.

The feasibility constraints are used to reduce the parameterization of an assignment to (J — 1)(K — 1) probabilities.

Theorem 1. Likewise an efficient estimate, é(n ), should be
straightforward to construct, given the availability on an effi-
cient estimate of the AMF at all points in (w,x) € W x X.
There remain interesting decision theoretical questions regard-
ing how to implement an optimal assignment on the basis of
sample information alone.

APPENDIX: PROOFS

Proof of Lemma 2. To economize on the notation we drop subscripts
from densities in what follows. Recall the notation & = (&;, ..., &)
and 9" = (0", ..., O). We begin by factoring the joint density of all
firm and worker attributes as
S, w,xrs 8 0)=f(v,x5 0lu, w,ré) f(u&lwr)f(w,r)

= f(v,x5,0lu,w,n&) f(&lw,r)

x f(ulw,r) f(w,r), (A.1)

where the second equality follows from (14) in the main text. An anal-
ogous calculation gives the parallel factorization
fuv,w,x 1,58 0)

=f(u,w,r,&lv,x,5,0)f(0|x,5)f(v]x,8) f(x,5).

(A.2)
Dividing (A.1) by f(w, x, 1, s, &, U) yields

fQu,olw,x, 1,5, & D)

_ S, x5, 0lu, w, 1, &) f(E|w, ) f(ulw,r) f(w,T1)

f(x,s,0lw,ré) f(w,r§)

_Sox s Olu,w, nE) f(ulw, 1)

f(x, s, 0lu, w,r,&)

=f(vlw,x,r,s,u,&0) f(ulw,r), (A.3)
where the second equality follows from (13) of the main text.

Dividing (A.2) by f(w, x, r, s, &, 0) and invoking (12) yields the par-
allel result

f(u,vlw,x,r,s,80)=f(ulw,x,r,s,0,80)f(v]x,s). (Ad4)
Integrating (A.4) with respect to u gives
f(olw,x,r,s,u, & 0)=f(v]|x,s). (A.S5)

Substituting (A.5) into (A.3) yields the density factorization
f(u,vlw,x, 1,5, & 0)=f(ulw,r)f(v|x,s)

as claimed.

Proof of Theorem 1. In calculating the semiparametric efficiency bound
for the model defined by (1) and Assumptions 1-4 we follow the gen-
eral approach of Bickel et al. (1993) and, especially, Newey (1990,
sec. 3). First, we characterize the nuisance tangent space. Second, we
demonstrate pathwise differentiability of the average match function
Bir = B(wj, x¢). The efficient influence function is the projection of
the pathwise derivative onto the nuisance tangent space. In the present
case, the pathwise derivative is an element of the tangent space and
therefore coincides with the required projection (i.e., 8 is a parame-
ter of an unrestricted distribution and hence the pathwise derivative is
unique; see Newey 1994b). The main result then follows from Theorem
3.1 of Newey (1990, p. 106).

Step 1: Characterization of tangent space
The joint density function of Z = (W, X, Y, R, §’)', recalling that

Pk (1, 5) :Pr(W =w;, X :xk‘R: r,S:s),
pj =Pr(W = w;) and A = Pr(X = x), is conveniently factorized as
follows:

J K

fO,w,x,r,8) = l_[l_[f(yl Wi, X, 1y s)d’ek

j=1 k=1

x f(rs| wj,xk)d,ffk Pr (W =w;, X = xk)d,ek
K
= l_[l_[f(yl W), X, 1, s)d’eA

djex
f(wj,xk,r, s) . . ’
X [f (wj,r)f(Xk,S)f(rI w/)f(slxk)pj)»k:|

K
= [TIT7 Olwjo e rs)™

Jj=1

» [ pix(rs)  f(rs)
Pi () pr(s) f(r) f(s)

~
Il

djey.
f(rle)f(slxk),oj)\k} ,

where we suppress the functional dependence of d; on w and ¢; on
x. (Thatis, D; = D;(W) = 1 if W = w; and zero otherwise and E; =
Ex(X)=1if X =x; and zero otherwise.) Recall also that p;(r) =
Pr(W = w;|R = r) and pi(s) = Pr(X = xS = 5).

Consider a regular parametric submodel with f(y, w, x, 7, s; 1) =
f(, w, x, r,s)at n = ny. The submodel joint density is given by

J
foow.x s = [TT1F (51 ws x5 m)

j=1 k=1

<

9 [ P (r, 83 1) frsn)
pi(rsn)pi(ssm) f(r;n) f(s;m)

djex

x f(rlwg;n) f(slxn) pj () A (n)]
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The submodel log-likelihood is By the usual conditional mean zero property of the score function,
Inf(y, w,x,rs0n) Els, (Y|W,X,R,S)|W,X,R,5] =0
J K Elk, W,X,R,$)] =0
= djerIn Wi, Xk, I, S,
;; eInf (31ws. . i) Elr, (RIW)|W] =0
;o , _ El1, (S1X)| X] = 0, (A7)
n ZZd,ekln{ D (1, 85 1) f(rsn) }
== pi(rsm)pe(sim) f(rim) f(sim) . . . - .
j=1 k=1 where the suppression of 7 in a function means that it is evaluated at is
;K population value (e.g., 1,,(S|1X) = £,(S|X; no)).
+ Z Zdjek Inf (rl w); 77) + Z Zdjek In £ (sl % 1) From (A.6) and (A.7), the tangent set is therefore given by
j=1 k=1 j=1 k=1

J K J K
+XJ:XK:djeklnpj(n)-l—XJ:XK:djekln}»k(n) T= ;g jekS ylw,,xk,rs +szekk(w1’xk’rs)

j=1 k=1 j=1 k=1 J=1 k=1
J K J K J K
ZZ jecIn f (vl wy, xe, 1,53 1) —|—Zdjt(r| “)j)+Zekt(slxk)+zdjaj+zekbk ,
=1 k=1 j=1 k=1 j=1 k=1

J K ) . . (A.8)
+ Z Zdjek ln{ Pk (1, s51) f(rs;n) }

— = pi(rsm) pe(sin) f(rsm) f(sim) , .

/ where a; and by are finite constants for j =1,...,Jandk=1,..., K

and s(y|w;, xi, 1, 5), k(wj, Xk, 1, 8), t(r|w;), and 1(s|x;) satisfy

J K
+ Y dilnf (rlwsin) + Y ecln f (slx )

J=1 k=1 E[s(Y|W,X,R,S)|W,X,R,S]=0
7 K
EkW,X,R,S)] =0
+ Zdjlnpj (7))+Z€kln)»k(77),
=1 k=1 E[t(RIW)|W] =0

E[z(S|X)|X]=0.
with an associated score vector of

Step 2: Demonstration of pathwise differentiability

J K Under the parametric submodel §(7) is identified by
sy uw.x rsin) =YY djers, (¥l w). xi. 751 7)
= B (w,x;n)
7 K
+ 3 dyeik, (1), 3052 ) =//[/yf(y|w,x, s n)dy}f(rlw;n)f(SIx; ) drds.
j=1 k=1
J K . .. . . .
Differentiating under the integral and evaluating at n = ives
Zdt rlwj; Zekt (s xe5 M) & & gatn=rmog
ap (w, x; no)
J K T
+ Zd_/pj,n (m+ Zek)\k,n (), (A.6)
i = = [ [ELrs WX RS w2 5] £ (7w o) £ sl o) s
where + //q (w,x,r,8)t, (1| w) f(rlw; no) f (s x; no)drds
Sn (yl Wjs Xes 1555 '7) =V, lnf(yl Wjs Xes 1555 '7) + //q(w,x, 1, 8)ty (s|xY f (rlw; no) f (slx; o) drds
ky (wj, %, ros:m) = VyInpy (rs3m) — Vy Inp; (r5 1)
_Vn lnpk (s;m) = ffE[st (YW, X,R, S)| w, X, 1, s]f(rl w; no) f (s|x; no)drds
+V, Inf(r,s;n)— V,In f (r; ,
IS (550 = VyIn ) + [ et (o) £ rlws mydr
= VyInf(s;n)
t, (rl wj; n) =V, lnf(rl wj; n) + /eR (w, x, s)t, (s|x) f (slx; no)ds
ty (slx; m) = VyIn f (sl x; )
dlnp;(n) :f/E[st(Y|W~X, R.S)|w,x,r.s| f (rlw:no) f (s]x: no)drds
Pig () = B
n +E[es(w,x,R)t,,(R|w)/|w]
d1Inxy () /
Iy () = ———— +E [ er (w,x, )1, (S]x) [ ] (A.9)

an
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where property of the score function. The third and fourth equalities follow
from applications of iterated expectations.
To evaluate the covariance of the second two terms in (A.11) with
es(w,x,r) = /q (w, x, r,8) f(s|x;no)ds sy(Y, wj, x¢, R, S; no) the following alternative density factorizations
will prove useful:

eg (w, x,8) = /q(w,x, 1, 8) f (rlws no)dr.

fw, x,rs5m) = f(rlw;n) f(x,slw, rin) f(w;n)

To demonstrate pathwise differentiability of B, = B(w;, xi), we S, x,rsin) = fGslxsn) f(w, rlx,ssm) fOsn).
require F'(Y, wj, x, R, S) such that

These give, in an abuse of notation, the score decompositions

B (wj, xi; 10) /

oy = EF0 w3 R )5y (Y, wj, 5, R, 5. (A10) sy (L, WX R, S5 ) = 5, (YW, X, R, S; 1) + 1, (RIW; )

+ 8y (X, SIW, R ) + s, (Wi )
With some work it is possible to show that condition (A.10) holds
for s, Y, W, X,R,8;n) =5, (YIW,X,R,S;n) +1,(S| X; 1)

W,R| X, S: X:n).
F (Y. w; xR, S) +5,( | n) + s, (X;n)

f ( R|w ) f(SIx) DE; By the conditional mean zero property of the score function
= 2 7 —q(wj, xR, S))
f(R,S) P (R, S) '

D
E [—’ (es (wj, xe, R) — Bjx) sy (YIW, X, R, S)] =0.

Pj

+%(es(wj,xk, R) — By) + A(eR(wj,xk, S) — By). (A1)
J

Using iterated expectations further yields
We evaluate the covariance of each of the three terms in (A.11) with

sp,(Y, w;, x;, R, S) in turn. D;
" We bjegikn with E [ (es (wj, xe, R) — Bix) sy (W):|
f(Rlw;) f(S|x) DjEx E{ (W)E[ g Wﬂ
E[ RS paks) V9@ R5) (es (wj. 5. R) = i)
X D;Eysy (Y, wj, x, R, S)i| - (w]) [(35 (w,, e ) - ﬂjk)‘ W= wj]
=S (wj) (Bix — Bir)

:E[f(lej)f(S|xk) D;E; o,

fR,S)  pir(R,S)
x (Y —q(wj, xc. R, S)) D;Esy (Y| w;, xi, R)] Similarly, using iterated expectations and the conditional mean zero

( ) property of the score function, yields
S (Rlw;) f(Slx) D;E;

+E .

[ F RS Pk (R, S)

D
E |:p71 (es (wj’ Xks R) - ﬁjk) sy (X, S| W, R)]
j

x (Y — g (wj, x, R, S)) D,E; o

dlog f (wj, xi, R, S; Ylo):|
D,

. [/T, (es (wj, x. R) = Bjx) E [s, (X, SIW. R)[ W, R]]
J

:E[f(le,-)ﬂsw DiE

f(R,S) pjk(R,S)YSn(Ylw_/,xk,R,s)}

D.
ST
Pj

_E f(R| wj)f(Slxk) D;E; —0.
f(R,S) ik (R, S)

xE[Ys, (Y|w;, x, R, S)| wj, x, R, S]]

//ZZ f(rlw;) f (sl x) D; (w;) Ex (x,) E[D (es (w, xi, )—ﬂjk)t,](R|W)]

f(rs) P (r,8)

=1 m=1

xE [Ys” (YI wj, X, R, S)| W), X, 1, s] Dim (1, s)]f(r, s)drds =E *j (es (U)_,',Xk, R) - ﬂjk) t, (R| W)/i|

=//E[st(Yij,xk,R,S)|wj,xk,r,s]

x f(r| wj)f(5|xk)drds,

dl

(es (wj, xe, R) — Bu) ty (RIWY | W = w;]
which coincides with the first component of (A.9). The second equality ,
es (wj. xe, R) t, (RIWY |W = w,],

above follows by iterated expectations and the conditional mean zero

[

=E[]E[L;J’ (es (wj, xi, R) = B) 1y
[
[
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again using the conditional mean zero property of the score function.
Putting these results together gives

D
E [j(@s(lbj, X, R) = Bjx)sy (Y, W, X, R, ; 7]0)]

J

= Eles(w;, xe, Rt (RIWY|W = w,].

Analogous calculations yield the expression

E,
E [f(e;e(wj,xk, S) — Bi)s,(Y, W, X, R, S; m)]
k

= Eler(wj, x¢, S; 10)t, (SIX)Y1X = x;].

These expressions coincide with the second and third components of
(A.9). Condition (A.10) then holds for F'(Y, wj, x, R, S) as defined in
(A.11).

Step 3: Calculation of projection

The semiparametric variance bound for B is the expected square of
the projection of F (Y, w;, x¢, R, S) onto 7. Since F(Y, w;, x, R, S) €
T it coincides with the required projection and is therefore the efficient
influence function as claimed. Here,

F(Rlw,) f(SIx) D,E
f(R,S) pir (R, S)

¥ —g(wj, x, R, S))
plays the role of ZLI Zle djers(ylw;, xi, r, s) and

D,
—(es(wj, x¢, R) — Bjx)
Pj

and
Eyx
—(er(wj, X, S) — Bjx)
Ak

the roles of, respectively, d;t(r|w;) and et (s|x;). Zeros play the role of
the remaining terms.
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